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We explore the possibility that, at zero temperature, vortices can be created spontaneously in
a condensate of cold Fermi atoms, whose scattering is controlled by a narrow Feshbach resonance,
by rapid magnetic tuning from the BEC to BCS regime. This could be achievable with current
experimental techniques.
I. CAUSALITY BOUNDS
Causality imposes strong bounds on a system whose
environment is changing rapidly. As proposed by Kib-
ble and Zurek [1–3] for continuous transitions, where the
attempt to achieve infinite correlation lengths in a finite
time is inhibited by causality, this can lead to frustration.
In particular, vortices can arise spontaneously if they can
be trapped by domain boundaries.
Spontaneous vorticity has already been observed on
condensing cold Bose gases by rapid cooling [4], sup-
porting the Kibble-Zurek (KZ) scenario. In this article
we suggest, on similar causal grounds, that vortices can
be created spontaneously in a condensate of cold Fermi
atoms by rapidly tuning the binding energy of a domi-
nant Feshbach resonance [5] with an external magnetic
field.
Before going into any details we need to think more
about the Kibble-Zurek (KZ) scenario which, although
originally posed for transitions, does not of itself require
a transition, merely a rapid change in correlation length.
In fact, even in temperature quenches across transitions
the final defect density is determined by what happens
after the critical temperature is crossed and not what
happens before [6]. This is demonstrated experimentally
[7, 8] in the spontaneous production of fluxons on quench-
ing annular Josephson tunneling junctions (JTJs). Here
the order parameter is the Josephson phase, and the rele-
vant causal velocity is the Swihart velocity, with no coun-
terpart on the normal conductor side of the transition.
Simulations of idealized JTJs [9] show how the presence
of initial fluctuations just below the critical temperature
is sufficient for defects to form with the KZ scaling expo-
nents observed in [7, 8]. The authors of Ref.[9] call this
mechanism for defect production ”fluctuational”, rather
than the KZ mechanism. We have kept with ”KZ sce-
nario” as shorthand, since we always understood the KZ
mechanism to work in this way [6].
This is relevant for the case of magnetic quenches
of cold Fermi gases, for which there is no transition,
but large and rapidly varying correlation lengths. In
such gases weak fermionic pairing gives a BCS the-
ory of Cooper pairs, whereas strong fermionic pairing
gives a BEC theory of diatomic molecules. On driving
the condensate from the deep BEC regime toward the
BCS regime by ramping an external magnetic field H ,
the speed of sound vs increases from essentially zero to
O(vF ), the Fermi velocity. However, the (adiabatic) cor-
relation length ξ decreases as the velocity increases, from
a high value when the initial speed of sound is sufficiently
small, in accord with the Bogoliubov result ξ ∝ v−1s .
Thus, if the quench is fast enough the condensate has to
be frozen initially to prevent the correlation length col-
lapsing acausally fast. Unlike for the case [4] above (and
JTJs), the effect is observed at T = 0 (first sound).
An estimate of the time t¯ at which the system unfreezes
is [1, 3] when it can change no faster i.e.
|ξ˙(t¯)| ≈ vs(t¯). (1)
As we shall argue later, provided initial fluctuations are
sufficient, vortices will occur to accommodate the frus-
tration of the field. In the KZ scenario it is suggested
that vortex separation at their time of spontaneous pro-
duction is also O(ξ¯), where ξ¯ ≈ ξ(t¯),. That is, there is
a one-scale environment in which healing and phase cor-
relation lengths temporarily coincide. If ξ0 = k
−1
F , the
inverse Fermi momentum which sets the atomic separa-
tion scale, and τ0 = h¯/ǫF , the inverse Fermi energy (in
units of h¯), we shall show that
ξ¯ ≈ ξ0(τQ/τ0)1/2, (2)
provided τQ ≫ τ0. The timescale τQ is the quench time
for the change in the inverse scattering length induced
by the changing magnetic field, and is proportional to
the quench time τH for the field change. Experimentally,
with current techniques, τQ can be made comparable to
τ0 itself, suggesting that spontaneous vortex production
should be observable in realistic systems.
In this regard there are many similarities with the
analysis of [11] for the thermal quenching of condensates
(although in that case causality is determined by sec-
ond sound), for which the correlation length at unfreez-
ing shows a similar allometric scaling with the quench
2rate. However, we believe that our approach, in which
the condensate remains at T ≈ 0, has some advantage
over the spontaneous production of vortices in thermally
quenched condensates in that we have accurate control
over the quench rate of the magnetic field in a way that
we do not over temperature. The mechanism that we
are invoking here differs from that of defect formation in
quantum phase transitions in T = 0 condensates [12].
We stress that our analysis has nothing to do with
the crossover from BEC to BCS regimes which, although
characterized by the divergence of the s-wave scattering
length aS [10], is not a transition.
II. COLD FERMI GAS WITH A NARROW
RESONANCE
For the sake of analytic simplicity, we restrict ourselves
to narrow Feshbach resonances. Our starting point is the
exemplary ”two-channel” microscopic action (in units in
which h¯ = 1)
S =
∫
dt d3x
{∑
↑,↓
ψ∗σ(x)
[
i ∂t +
∇2
2m
+ µ
]
ψσ(x)
+ φ∗(x)
[
i ∂t +
∇2
2M
+ 2µ− ν
]
φ(x)
− g [φ∗(x) ψ↓(x) ψ↑(x) + φ(x)ψ∗↑(x) ψ∗↓(x)]
}
(3)
for cold (T = 0) fermionic fields ψσ with spin label
σ = (↑, ↓), which possess a narrow bound-state (Fesh-
bach) resonance with tunable binding energy ν, repre-
sented by a diatomic field φ with mass M = 2m. This
model has been discussed on great detail by Gurarie and
Radzihovsky [13] and we borrow several results from their
paper.
S is quadratic in the Fermi fields. Integrating them
out [15] enables us to write S in the non-local form
SNL = −iTr lnG−1
+
∫
dt d3xφ∗(x)
[
i ∂t +
∇2
2M
+ 2µ− ν
]
φ(x),(4)
in which G−1 is the inverse Nambu Green function,
G−1 =
(
i∂t − ε −gφ(x)
−gφ∗(x) i∂t + ε
)
(5)
where −g φ(x) = g|φ(x)| eiθ(x) represents the condensate
(and ε = −∇2/2m− µ).
In this paper we restrict ourselves to the mean-field
approximation, the general solution to δSNL = 0, valid if
φ is a sufficiently narrow resonance [13, 14]. The action
possesses a U(1) invariance under θ → θ+const., which is
spontaneously broken. δ SNL = 0 permits the spacetime
constant gap solution |φ(x)| = |φ0| 6= 0. We perturb
in the derivatives of θ and the small fluctuation in the
condensate density δ|φ| = |φ| − |φ0| and its derivatives,
most conveniently in powers of the Galilean-invariant Σ,
defined by
G−1 = G−10 − Σ, (6)
where
G−10 ≡
(
i∂t − ε g|φ0|
g|φ0| i∂t + ε
)
(7)
θ(x) is not small. Using the results of our earlier papers
[15, 16], for which (3) is a limiting case, at second order
in Σ we can extract from SNL a local effective Lagrangian
density
Leff = −1
2
ρ0G(θ, ǫ) +
N0
4
G2(θ, ǫ)
−αǫG(θ, ǫ) + 1
4
ηX2(ǫ, θ)− 1
4
M¯2ǫ2, (8)
valid for long wavelength, low-frequency phenomena.
Leff is given in terms of the Galilean scalar combina-
tions G(θ, ǫ) = θ˙ + (∇θ)2/4m + (∇ǫ)2/4m, X(ǫ, θ) =
ǫ˙+∇θ.∇ǫ/2m, where the dimensionless ǫ ∝ δ|φ| is itself
a scalar. In particular, ρ0 = ρ
F
0 + ρ
B
0 is the total (fixed)
fermion number density where ρF0 is the explicit fermion
density,
ρF0 =
∫
d3p/(2π)3 [1− εp/Ep]
and ρB0 = 2|φ0|2 is due to molecules (two fermions per
molecule). In conventional notation ǫk = k
2/2m and
Ep = (ε
2
p + g
2|φ0|2)1/2. For the evolving system the
molecular density is ρB = 2|φ|2 = ρB0 + 4δ|φ||φ0|, show-
ing that ǫ ∝ δρB, the molecular density fluctuation. Al-
though the details are immaterial, we have scaled ǫ so
that it has the same coefficients as θ in its spatial deriva-
tives.
A. The speed of sound
For small fluctuations, the linear approximation to the
Euler-Lagrange equations for θ and ǫ, sufficient to deter-
mine the speed of sound, is
N0
2
θ¨ − ρ0
4m
∇2θ − αǫ˙ = 0
η
2
ǫ¨− ρ0
4m
∇2ǫ+ 1
2
M¯2ǫ + αθ˙ = 0. (9)
On diagonalizing, we see that for long wavelengths the
gapless phonon has dispersion relation ω2 = v2sk
2, with
speed of sound
v2s =
ρ0/2m
N0 + 4α2/M¯2
, (10)
3independent of η. After renormalisation [15] the coeffi-
cients in (10) are
N0 = g
2|φ0|2
∫
d3p
(2π)3
1
2E3p
, (11)
α = 2|φ0|+ g2|φ0|
∫
d3p
(2π)3
εp
2E3p
, (12)
M¯2 = 4(ν − 2µ)− 2g2
∫
d3p
(2π)3
[
ε2p
E3p
− 1
(p2/2m)
]
.(13)
The s-wave scattering length aS is determined from the
binding energy as
2µ− ν = g
2m
4πaS
. (14)
To see the effect of applying an external magnetic field
H , we adopt the parametrisation [13]
aS = abg
(
1− Hω
H −H0
)
, (15)
whence
2µ− ν ≈ − g
2m
4πabgHω
(H −H0). (16)
In (16) abg is the background (off-resonance) scattering
length, Hω the so-called ”resonance width” [13] and H0
is the field required to achieve infinite scattering length
(the unitary limit). As H increases through H0 we pass
from the BEC to the BCS regimes (with aS going from
+ve to -ve).
As a result, in the deep BCS regime (small α2/M¯2)
vs → vBCS = vF /
√
3 and in the deep BEC regime (large
α2/M¯2) vs → 0.
An exemplary graph of v2s is given in Fig.1. To a fair
approximation, v2s/v
2
F can be approximated as
v2s ≈ (v2F /6)[1 + tanh(c0 − b0/kFaS)]. (17)
III. THE HYDRODYNAMIC APPROXIMATION
AND THE GP EQUATION
Equations (9) represent a two-component system of
molecules and atom pairs, but a two-component density
in which fermions oscillate from one to the other is not
the same as a two-fluid picture. In general, it is a no-fluid
picture. Density fluctuations act as sources and sinks in
the continuity equation and the condensate behaves as a
fluid only when these are ignorable i.e. we can neglect
the spatial and temporal variation of ǫ, in comparison
to ǫ itself. In that case, ǫ ≈ −2αG(θ)/M¯2, a slave to
the phase, whence the Euler-Lagrange equation for θ is,
indeed, the continuity equation of a single fluid,
∂
∂t
ρ+∇ · (ρv) = 0, (18)
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FIG. 1: The dotted line shows v2s for the value g¯ = 0.9 as a
function of 1/kF aS . The solid line shows the parametrisation
(17) for c0 = −1.398 and b0 = 0.202. We get as good or better
fits for other values of g¯, with b0(g) varying by only 25% over
the range 0.2 ≤ g¯ ≤ 1.6.
with ρ = ρ0+2αǫ−N0G(θ) and v = ∇θ/2m. To complete
the fluid picture we observe that this definition of ρ is no
more than the Bernoulli equation
mv˙ +∇
[
δh+
1
2
mv2
]
= 0, (19)
where the enthalpy δh = mv2sδρ/ρ. The resulting equa-
tion of state is dp/dρ = mv2s across the whole regime.
The hydrodynamic equations can be derived from a
Gross-Pitaevskii (GP) equation on ignoring quantum
pressure. It is more transparent to reconstitute this equa-
tion, with its natural vortex solutions, than to work with
the Euler-Lagrange equations for θ and ǫ directly.
Consider the Lagrangian describing the wave-function
ψ of a particle of mass 2m, interacting non-linearly with
itself,
L(ψ) = ih¯ψ∗ψ˙− h¯
2
4m
∇ψ∗ · ∇ψ− mv
2
s
ρ0
(|ψ|2 − ρ0)2, (20)
where we have restored factors of h¯. The Gross-Pitaevskii
equation following from (20) is
ih¯ψ˙ +
h¯2
2m
∇2ψ + 2mv2sψ −
2mv2s
ρ0
ψ|ψ|2 = 0, (21)
with coefficients varying smoothly as we cross the uni-
tary limit. If we set ψ =
√
ρ exp(iθ) and solve (21) at
the relevant order in derivatives, we recover (18) and (19)
4on ignoring ǫ density fluctuations (see [17] for a compa-
rable analysis). Remarkably, the dependence of the GP
equation on the coefficients of (8) is implicit, through v2s .
The length scale of the system is ξ = h¯/2mvs = h¯/Mvs
and the time scale is τ = h¯/Mv2s .
We stress the importance of the narrowness of the reso-
nance for the single-fluid approximation. At best, even in
the hydrodynamic limit broad resonances require a two-
fluid description [15–17] from which we have no simple
way to draw conclusions about defect formation in a field
quench.
IV. WHEN IS THE GP EQUATION VALID?
For narrow resonances the single-fluid approximation
given above, with its attendant GP equation, is not valid
everywhere, as follows from (9). Consider a spatially ho-
mogeneous condensate. Then these linearized EL equa-
tions, which ignore damping, display the oscillatory so-
lution
δρB = δρB0 cosΩt, (22)
describing the repeated dissociation of molecules into
atom pairs and their reconversion into molecules. The
frequency Ω of density fluctuations is determined by the
energy scale at the beginning of the two-fermion cuts
in the energy plane arising from the integration over
fermionic modes leading to (4) (Emin of [18]) and not
that of the gapped mode present in the formalism (and
of which we need nothing in the context of this paper).
It can be shown [18, 19] to increase monotonically from
the exponentially damped g|φ0| = O(µ exp(−π/2kF |aS |)
in the BCS regime to Ω = 2
√
g2|φ0|2 + µ2 as it crosses
into the BEC regime. In the deep BEC regime Ω ≈ 2µ.
The single-fluid approximation requires that density
fluctuations can be averaged to zero on the timescale τ
i.e.
τΩ≫ 1.
Whether this can be achieved or not depends upon the
quench.
Suppose that H increases uniformly in time with
H˙/H |H0 = τH−1, where t = 0 is the time at which the
system is at the unitary limit of infinite scattering length.
We write 1/kFaS(t) = −t/τQ for small t, where
τQ = τH
(
kFabgHω
H0
)
. (23)
The quench parameters are related to the width of the
resonance Γ0 by [13] Γ0 ≈ 4mµ2Ba2bgH2ω/h¯2, where µB is
the Bohr magneton. In practice, it is more convenient
to work with the dimensionless width γ0 ≈
√
Γ0/ǫF ,
whereby
τQ
τ0
=
τQǫF
h¯
≈ π
µBH˙
ǫ2F
h¯
γ0. (24)
To be concrete, consider the narrow resonance in 6Li at
H0 = 543.25G, discussed in some detail in [20]. [This is
to be distinguished from the very broad Feshbach reso-
nance in 6Li at 850 G.] As our benchmark we take the
achievable number density ρ0 ≈ 3 × 1012cm−3, whence
ǫF ≈ 7× 10−11eV and γ0 ≈ 0.2. In terms of the dimen-
sionless coupling g¯, where g2 = (64ǫ2F/3k
3
F )g¯
2, 6Li at the
density above corresponds to g¯2 <∼ 1. For a condensate
of density ρ it follows that g¯2 ≈ (ρ0/ρ)1/3 and
τQ
τ0
≈ 1
H˙
(
ρ
ρ0
)
, (25)
where H˙ is measured in units of Gauss (ms)−1. Experi-
mentally, it is possible to achieve quench rates as fast as
H˙ ≈ 0.1G/ms [20].
The condition τΩ ≫ 1 throughout the quench now
becomes
τΩ =
Ω
ǫF
v2F
4v2s
≈ Ω
ǫF
τQ
τ0
≫ 1. (26)
In the BEC regime, with large Ω ≈ 2|µ|, the inequality
is guaranteed for all τQ/τ0 ≫ 1. However, in the BCS
regime Ω is exponentially damped, violating the inequal-
ity (26). Thus the single fluid approximation, on which
our causal analysis depends, requires that the quench
does not trespass beyond the unitarity limit in the BCS
direction before the system unfreezes. The question is
then whether such a quench can be implemented suffi-
ciently fast for this to be the case.
V. SPONTANEOUS VORTICITY
There are several length scales in the theory, not all vis-
ible in the GP action, which has disconnected the gap-
less sector (Goldstone sector) from the gapped (Higgs)
mode. Our correlation length ξ is the healing length for
the fermion density ρ but, as we have observed, in the KZ
scenario this is equated to the phase correlation length at
the moment at which vortices are formed spontaneously.
Beginning in the deep BEC regime, where ξ is as large
as the system, we need phase fluctuations to seed vor-
tices (as for Josephson junctions [9]). Normally, treated
in isolation, the GP action (20) and GP equation (21)
would not be a helpful starting point since the chemical
potential term in the GP action (the quadratic term in
ψ) can be eliminated, or otherwise modified, by a change
of phase linear in time. However, θ˙ is now pinned to a
small ǫ, prohibiting this, and we can use the potential
in (20) to estimate fluctuations. It follows that (with
a critical temperature Tc ∼ mv2F ), at speed of sound vs
thermal fluctuations at a temperature T ∼ (v2s/v2F )Tc are
sufficient to give large fluctuations in the phase. With vs
extremely small in the BEC regime, initially even small
thermal fluctuations will be sufficient to permit vortex
creation.
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FIG. 2: A condensate with g¯ = 1.5, quenched by a mag-
netic field with quench rate τQ/τ0 = 16. For the solid line
the ordinate is v2s/v
2
F and for the dashed line the ordinate is√
h¯/2M(d/dt)v2s . In driving the system from the BEC regime
(on the right) towards the BCS regime (on the left) the adi-
abatic regime lies to the left of 1/kF aS ≈ 0.75, when the two
curves intersect, from (27). The inset shows ρB0 /ρ0 (dashed
curve) and ρF0 /ρ0 (solid curve).
We now ramp the magnetic field (constant H˙) to drive
the gas from the deep BEC regime to the BCS regime,
as in the previous section. Remembering that t = 0 is
the time at which the scattering length aS diverges, the
time t¯ at which the system unfreezes [as defined by (1)]
satisfies
[v2s(t)]
2 ≈ h¯
2M
d
dt
v2s(t). (27)
Our narrow resonance expression (10) for the sound
speed in the BEC regime reproduces that of [13], ob-
tained there by different means. In Fig.2 we have shown
where the left- and right-hand sides of (27) intersect as
a function of t or, equivalently, 1/kFaS(t).
Empirically, we find the approximate universal behav-
ior
v2s(t¯) ≈ v2F (τ0/4τQ) (28)
for a very wide range of parameters. This universality
is not surprising. If we adopt the parametrisation (17),
v2s/v
2
F ∝ τ0/τQ automatically. The correlation length at
the time of unfreezing then satisfies the scaling law (2)
ξ¯ ≈ ξ0(τQ/τ0)1/2 (29)
provided τQ ≫ τ0.
Equation(21) permits vortex creation in which ξ¯ deter-
mines vortex width, both in fermion number density and
phase correlation length. We can ignore the order param-
eter fluctuations δ|φ|, since they are shorter-ranged and
do not affect how vortices pack. The KZ picture then
gives an estimated vortex separation at time of produc-
tion as (29), as anticipated in the introduction.
We believe it possible to produce vortices sponta-
neously for realistic quenches. It is simplest to adopt
a density ρ < ρ0, permitting smaller H˙ to maintain
τQ > τ0. As an example see Fig.2, the tail of the ve-
locity profile, in which we take g¯ = 1.5, corresponding to
ρ ≈ 0.1ρ0, and τQ/τ0 = 16. Then, the domain structure
is formed when vs ≈ vBCS/4, with 1/kFaS ≈ 0.75 and
ρF0 ≈ 0.38ρ0, ρB0 ≈ 0.62ρ0. τΩ decreases throughout the
quench, but its final value of 16Ω/ǫF ≈ 27 remains suf-
ficiently large to justify the approximation. Further, ex-
plicit calculation shows that spontaneous vorticity arises
only when |aS | > r0, the range of the interaction, re-
inforcing the validity of our approximation. Adjacent
parameter values are equally successful. Finally, we see
that the approximation from Eq.(15) to Eq.(16) is justi-
fied, with a fractional error less than kFabg ≪ 2.10−2.
For the case in hand, with ξ¯ ≈ 4ξ0, spontaneous vortex
creation should be possible, since the length scale ξc for a
condensate of N = 105 atoms at this density would give
ξc ≈ 100ξ0. For pancake traps the transverse width of
the condensate is even larger. This suggests that a large
number of vortices should be created, but some caution
is required. What is not usually stressed is that the KZ
prediction (2) is, actually, and upper bound. The extent
to which this bound is saturated depends on the sys-
tem. To cite extremes for spontaneous vortex formation
at thermal quenches, it is saturated for vortex produc-
tion on quenching 3He−B [21], but underestimates vor-
tex separation strongly for high-Tc superconductors [22].
The spontaneous creation of vortices in thermal quenches
on low-Tc superconductors [7] and fluxons in Josephson
junctions [8] give results in between.
VI. OUTLOOK
We believe that spontaneous vortex creation by a mag-
netic field ramp at narrow resonances such as the 6Li res-
onance at 543G could be achievable with current experi-
mental techniques. This follows from our single-fluid ap-
proximation and its concomitant Gross-Pitaevskii equa-
tion, valid because the vortices form sufficiently early in
the ramp that we do not have to continue into the BCS
regime where it fails.
There is the further advantage that, although our ide-
alized calculations were for temperature T = 0, in reality
temperature is finite. By stopping soon enough, we would
hope to remain clear of critical thermal behavior since we
are going from a regime of negative chemical potential to
one of positive chemical potential. This has been dis-
cussed in the final paragraph of [20]. Furthermore, even
6very small thermal fluctuations are sufficient to kickstart
defect production.
Narrow resonances are difficult to work with because
of the required field stability, but we expect them to give
most defects after a ramp. Increasing resonance width
in (24) increases τQ and hence ξ¯ at fixed density. How-
ever, with ξ¯ ∝ γ1/20 for moderately narrow resonances,
the effect of broadening the resonance is, initially, weak
and we can still anticipate observable spontaneous phase
change for large condensates.
As a final caveat we do not have the homogeneous
condensates assumed above and should take the de-
tails of their trapping into account. The causal length
ξ¯ ∝ (ρ0
√
Γ0)
1/2 depends upon density and will vary
across the trap, but vortices should still form in its center
if the condensate is sufficiently large, albeit with profile-
dependent allometric scaling behavior. In this regard
there are many similarities with the analysis of [11] for
thermal condensates and we would have to modify our
analysis appropriately. This letter is rather aiming for a
proof of principle, that causality could lead to observable
changes of phase accessible by current experiments.
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